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Abstract
For µ given latin squares of order n, they have k intersection when
they have k identical cells and n2 − k cells with mutually different
entries. For each n ≥ 1 the set of integers k such that there exist µ
latin squares of order n with k intersection is denoted by Iµ[n]. In
a paper by P. Adams et al. (2002), I3[n] is determined completely.
In this paper we completely determine I4[n] for n ≥ 16. For n ≤ 16,
we find out most of the elements of I4[n].
1 Introduction and Preliminaries
A partial latin rectangle is an r × n (r ≤ n) array such that each cell is
either empty or consists of a symbol from a set of n distinct symbols (e.g.
{1, 2, . . . , n}), and that each symbol appears at most once in each row and
in each column. A latin rectangle is a partial latin rectangle when all cells
are non-empty. A (partial) latin square of order n is an n× n (partial) latin
rectangle. We assume the set of symbols {1, 2, . . . , n} are used in latin
squares of order n.
∗This research was partially supported by a grant from the INSF.
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A µ-way latin square (µ ≥ 2) of order n is an ordered set of µ latin
squares of order n with the following property: the µ entries in cells with
the same coordinate are either all the same, or all different. The cells with
the same entries are often called fixed cells or identical cells interchangeably.
A µ-way latin square has k intersection when the number of fixed cells is
exactly k. Similarly, µ-way latin rectangle of order r × n is defined.
For each n ≥ 1, by Iµ[n] we denote the set of all integers k such that
there exist µ-way latin squares of order n with k intersection. Determining
Iµ[n] is called µ-way latin intersection problem.
The intersection problem has arisen in many combinatorial areas such
as latin squares [2, 7, 8], Steiner triple systems [9], m-cycle systems [1], and
design theory [4]. For an old survey on intersection problem see [4]. The
intersection problem for latin squares was introduced at first by Fu [8] for
two latin squares. Later, Fu and Fu [6] proposed an intersection problem
for 3 latin squares which is a relaxation of the problem we have defined
above for µ = 3. Instead of having entries of n2 − k cells mutually distinct
in all three latin squares, they only require not all of these entries to be
equal. Adams et al. [2] have completely determined I3[n] for n ≥ 1. There
was an error in [2], in showing that 35 ∈ I3[8]. We have found it by a
computer program and shown in Figure 1.
For µ ≥ 2, a µ-way latin trade of volume s is defined as follows: A group
of µ partial latin rectangles such that each of them have precisely the same
s filled cells. If cell (i, j) is filled, then its entry is different in all µ partial
latin rectangles. Moreover, for any relevant i, the set of entries of ith row is
the same for all µ partial latin rectangles, and similarly for relevant columns
j. In [3], there are some useful results on µ-way latin trades which we have
used for our work.
Note that from each µ-way latin square, by considering all cells which
have identical fixed elements as empty cells, we obtain a µ-way latin trade.
We will refer to the set of cells which have fixed elements as intersection
part and to its complement as trade part.
Given a µ-way latin square (latin trade) L, its skeleton is a binary matrix
S where Si,j is 1 if and only if cell (i, j) is in the intersection part (is an
empty cell, respectively). Denote by rk and ck the number of ones in the
k’th row and k’th column of S, respectively. We call (r1, r2, · · · , rn) and
(c1, c2, · · · , cn) the row sequence and column sequence of L, respectively. An
example of a 3-way latin square and its skeleton is given in Figure 1.
Next, we present some old (which are referenced) and new results which
are used to determine I4[n] for n ≥ 1.
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1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4 1 2 7 8 5 6
5 6 7 8 123
214
341
432
7 8 265
156
314
421
632
543
6 375 8
517
241
732
423
154
4 537
652
765 8
173
216
321
8 753
526
671
432
347
164
215
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
Figure 1: A 3-way latin square of order 8 with 35 fixed cells and its skeleton
Lemma 1 [3] If min{m,n} ≥ µ then there exists a µ-way latin trade of
order m× n of volume mn.
Let T be a µ-way latin trade of order n. In the following results, Ri and
Cj denote the set of elements of row i and column j of T , respectively.
The next lemma is an immediate result from the definition of µ-way
latin trades.
Lemma 2 [3] Let T have a nonempty cell (i, j). Then |Ri ∩ Cj | ≥ µ.
Corollary 3 [3] Let T have a nonempty cell (i, j). If |Ri| = |Cj | = µ then
Ri = Cj.
Corollary 4 Assume i1 6= i2 and cells (i1, j), (i2, j) are nonempty. If
|Cj | = µ+ 1 and |Ri1 | = |Ri2 | = µ then
Ri1 ∪Ri2 = Cj , |Ri1 ∩Ri2 | = µ− 1.
Similarly, assume that j1 6= j2 and cells (i, j1), (i, j2) are nonempty. If
|Ri| = µ+ 1 and |Cj1 | = |Cj2 | = µ, then
Cj1 ∪Cj2 = Ri, |Cj1 ∩ Cj2 | = µ− 1.
Proof. By symmetry, it suffices to show only the first part. According
to Lemma 2 we have Ri1 , Ri2 ⊆ Cj . Therefore, there are two possibilities:
|Ri1 ∩Ri2 | = µ− 1, or |Ri1 ∩Ri2 | = µ (in which case Ri1 = Ri2). We show
the latter case is not possible. If the latter case happens then there exists
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an element x ∈ Cj \ (Ri1 ∪Ri2). This means that x can appear in at most
µ − 1 cells of column j, which is a contradiction as each element should
appear in exactly µ cells of a row or column.
Lemma 5 If an element appears at least n−µ+1 times in the intersection
part of a µ-way latin square L, then it appears only in the intersection part
of L.
Proof. By Lemma 2, if an element appears in the trade, then it appears
in at least µ rows (and µ columns) of each partial latin square in the trade.
Hence, it occurs at most n− µ times in the intersection part.
In [2] it is shown that I3[2n] ⊇ I3[n] + I3[n] + I3[n] + I3[n] for n ≥ 1. This
can be simply generalized to Iµ[2n] for any µ ≥ 4. Using this generalization,
together with the fact that any latin square of order i can be embedded in
a latin square of order 2n when i ≤ n, we obtain the following proposition.
Proposition 6 For any n ≥ 1 and µ ≥ 2 we have
Iµ[2n] ⊇
(
Iµ[n] + Iµ[n] + Iµ[n] + Iµ[n]
)
∪
( n⋃
i=1
(
Iµ[i] + {(2n)2 − i2}
))
.
Lemma 7 Let L be a µ-way latin square of order n with k fixed cells. If p
is the number of elements of L which appear only in the intersection part
then
p ≥
⌈
n−
n2 − k
µ
⌉
.
Proof. From the definition of a µ-way latin square, each of the other n−p
elements appear at least µ times in the cells of the trade part of L. So,
each of these n − p elements can appear at most n − µ times in the cells
of the intersection part. Hence, k ≤ pn + (n − p)(n − µ), or equivalently,
µp ≥ µn− n2 + k.
Lemma 8 Let L be a 4-way latin square of order 7 and a = (a1, a2, · · · , a7)
be its row (or column) sequence. None of the sequences {7, 3}, {7, 7, 2} and
{7, 7, 7, 1} can be a subsequence of a.
Proof. We show that {7, 3} can not be a subsequence of the row sequence
of any 4-way latin square of order 7. Other statements are similar. Suppose,
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on the contrary, that there is such an L. By a permutation on row and
columns of L, we may assume that the first and second rows have 7 and
3 fixed cells, respectively, and the fixed cells of the second row are located
at the first 3 columns. By a permutation on the elements, we may assume
that the first row is filled as 1, 2, . . . , 7 in order, and the 3 fixed elements of
the second row are x, y, and z (see Figure 2).
1 2 3 4 5 6 7
x y z
Figure 2: A possible {7, 3} sequence.
Consider the cell (2, 4) in the trade part. Since there should appear four
different elements distinct from x, y, z and 4, we should have 4 ∈ {x, y, z}.
By a similar argument for the rest of cells in the second row, we have
5, 6, 7 ∈ {x, y, z} which is impossible.
With the same approach as in the above, we can show the following two
lemmata as well.
Lemma 9 Let L be a 4-way latin square of order 6 and a = (a1, a2, · · · , a6)
be its row (or column) sequence. None of the sequences {6, 2} and {6, 6, 1}
can be a subsequence of a.
Lemma 10 Let L be a 4-way latin square of order 5 and a = (a1, a2, · · · , a5)
be its row (or column) sequence. The sequence {5, 1} cannot be a subse-
quence of a.
2 Constructions
In this section, we introduce four techniques which contribute to the gener-
ation of the majority of 4-way intersections. The first technique is inspired
by [2] and the rest are new. We start with illustrating the first technique
by an example, then elaborating the technique in the sequel.
Example 11 Consider the following partial 4-way latin squares A, B, and C.
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A =
. . . . 2345
1453
4132
5214
3521
. . . . 3254
4512
5321
1435
2143
. . . . 4523
5231
2415
3142
1354
. . . . 5432
3124
1543
2351
4215
2345
3254
4523
5432
1 . . . .
1453
4512
5231
3124
. 2345
. . .
4132
5321
2415
1543
. . 3254
. .
5214
1435
3142
2351
. . . 4523
.
3521
2143
1354
4215
. . . . 5432
B =
9 6 7 8 . . . . .
8 9 6 7 . . . . .
7 8 9 6 . . . . .
6 7 8 9 . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
and
C =
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . 6789
7896
8967
9678
. . . . 9678
. 6789
7896
8967
. . . . 8967
9678
. 6789
7896
. . . . 7896
8967
9678
. 6789
. . . . 6789
7896
8967
9678
.
By combining these partial 4-way latin squares, we obtain a 4-way latin
square of order 9 with 17 fixed cells.
TECHNIQUE 12 [n → 2n + 1 technique] This technique constructs
a µ-way latin square of order 2n + 1 by generating and combining three
partial µ-way latin squares A, B, and C. Partial latin squares A, B, and C
are generated as follows. Let A′ be a µ-way latin square of order n+1 with
elements from {1, . . . , n+1}. We construct A by embedding, symmetrically,
the first n rows of A′, at the top-right and bottom-left corners of a square
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of order 2n+1 and laying the (n+1)th row of A′ at the down-right corner,
diagonally.
B is constructed by embedding a µ-way latin square B′ of order n with
elements from {n+2, . . . , 2n+1} at the top-left corner of a square of order
2n+ 1.
C is made by embedding a partial µ-way latin square of order n+1, say C′,
at the down-right corner of a square of order 2n+1. Note that the elements
of C′ are from {n+ 2, . . . , 2n+ 1} and diagonal cells of C′ are empty.
The following lemma is a generalization of Lemma 2.3 in [2]. As in Proposi-
tion 6, by the fact that any latin square of order i can be embedded in a latin
square of order 2n+1 when i ≤ n we have
⋃n
i=1 (I
4[i] + {(2n+ 1)2 − i2}) ⊆
I4[2n+ 1].
Lemma 13 If n ≥ 4 then
I4[2n+ 1] ⊇ {I4[n] + (n+ 1){[0, n− 4] ∪ {n}}+ C} ∪X.
where C =
⋃n−3
t=1 {2tn, 2tn−t, 2tn−n}∪{0, 1, 2}∪(2n+1){[0, n−3]∪{n+1}}∪
(n+1){[1, 2n−7]∪ [n+1, 2n−3]} and X =
⋃n
i=1 (I
4[i] + {(2n+ 1)2 − i2}).
TECHNIQUE 14 [Trade-into-Trade technique] In this technique we
consider a µ′-way latin square of order n. Then for each i, 1 ≤ i ≤ µ′, we
substitute each entry of unfixed cells in the ith latin square with a proper
µi-way latin trade of order m. In this way we obtain a (
∑µ′
i=1 µi)-way latin
square of order mn.
Let’s illustrate a simple case of this method with the following example.
Example 15 Consider the following 2-way latin square of order 4 with 9
fixed cells.
A1 A2 A3 A4
A3 A4 A1A2 A2A1
A2 A3A1 A4 A1A3
A4 A1A3 A2A1 A3A2
We replace each Ai, 1 ≤ i ≤ 4, with a 2-way latin trade. Note that ele-
ments of any two trades corresponding to two different Ai are disjoint. This
way, we obtain the following 4-way latin square of order 8 with 36 fixed cells.
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1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
5 6 7 8 12 21 34 43
6 5 8 7 21 12 43 34
3 4 56 65 7 8 12 21
4 3 65 56 8 7 21 12
7 8 12 21 34 43 56 65
8 7 21 12 43 34 65 56
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
5 6 7 8 34 43 12 21
6 5 8 7 43 34 21 12
3 4 12 21 7 8 56 65
4 3 21 12 8 7 65 56
7 8 56 65 12 21 34 43
8 7 65 56 21 12 43 34
More generally, this technique can be used to construct fine structures
which are defined in [5].
Let’s consider an example before explaining next technique.
Example 16 Since the following three partial latin squares are completable
to a latin square of order 9 we have 46 ∈ I3[9].
A1 =
1 2 3 4
4 1 2 3
5 6 7 8 9 3 4 1 2
9 5 6 7 8 2 3 4 1
1 2 3 4 5 6 7 8 9
A2 =
4 1 2 3
3 4 1 2
9 5 6 7 8 2 3 4 1
1 2 3 4 5 6 7 8 9
5 6 7 8 9 1 2 3 4
A3 =
3 4 1 2
2 3 4 1
1 2 3 4 5 6 7 8 9
5 6 7 8 9 1 2 3 4
9 5 6 7 8 4 1 2 3
TECHNIQUE 17 [Gear technique 1] Consider a completable partial
latin square of order n, as in the following figure, where A = {1, . . . , a},
B = {a+1, . . . , n} and A∪B are the sets of entries at the specified portion.
Then by cyclically permuting the rows of the two subrectangles of order y×b
and (y+ x)× a, we obtain a µ-way latin square of order n (after filling the
empty cells identically, in all latin squares).
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a︷ ︸︸ ︷ }
xb︷ ︸︸ ︷ }
µ− 1


y
B
A
A ∪B
Sufficient conditions to have such a completable partial latin square are
(1) a ≥ x+ µ− 1,
(2) b ≥ x+ µ− 1,
(3) a+ b = n,
(4) x ≥ 1 and
(5) y ≥ µ.
Briefly, conditions (1), (2), and (3) ensure that latin subrectangles using
elements of A, B and A ∪ B can be constructed, conditions (2) and (3)
guarantee that the partial latin square is completable, condition (4) is in-
trinsic in the technique, and condition (5) is needed when permuting the
rows.
Clearly, we can obtain µ-way latin trades using Technique 17 and since
we don’t require the completablity of the partial latin square for latin trades,
we can relax the condition b ≥ x+µ−1 to b ≥ µ−1 and obtain the following
Proposition which is used for confining possible members of I4[n] in the next
section.
Proposition 18 For any i ∈ {0, . . . , µ}, there exists a µ-way latin trade
of volume s ∈ {µ(3µ− i), µ(3µ− i) + 1, . . . , µ(3µ− i) + (µ− i)}.
Proof. (Sketch) For each i ∈ {0, . . . , µ}, consider Technique 17 for gen-
erating latin trades, with the following parameters:
x = 1, n = 3µ− i− 1, y = µ and a ∈ {µ, µ+ 1, . . . , 2µ− i}
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As proved in [3], there exists a µ-way latin trade of volume s for any s ≥
3µ2 + µ− 1. Hence we get the following corollary.
Corollary 19 For any s ≥ 3µ2 − µ, there exists a µ-way latin trade of
volume s.
The next technique is similar to Technique 17. As for Technique 17, we
start with an example to explain the technique.
Example 20 Since the following partial latin squares are completable to a
latin square of order 13 we have 128 ∈ I4[13].
B1 =
1 2 3 4 5
6 7 8 9 5 1 2 3 4
9 6 7 8 4 5 1 2 3
8 9 6 7 3 4 5 1 2
7 8 2 3 9 6 4 5 1
B2 =
5 1 2 3 4
9 6 7 8 4 5 1 2 3
8 9 6 7 3 4 5 1 2
7 8 2 3 9 6 4 5 1
6 7 8 9 1 2 3 4 5
B3 =
4 5 1 2 3
8 9 6 7 3 4 5 1 2
7 8 2 3 9 6 4 5 1
6 7 8 9 1 2 3 4 5
9 6 7 8 5 1 2 3 4
B4 =
3 4 5 1 2
7 8 2 3 9 6 4 5 1
6 7 8 9 1 2 3 4 5
9 6 7 8 5 1 2 3 4
8 9 6 7 4 5 1 2 3
TECHNIQUE 21 [Gear technique 2] Similar to Technique 17, we take
a completable partial latin square of order n (the following figure) where
A = {1, . . . , a} and B = {a + 1, . . . , a + b}. Then by permuting the rows
of the two subrectangles of order a× (y + x) and b× y, we obtain a µ-way
latin square of order n with n2 − (a(x+ y) + by) fixed cells.
a︷ ︸︸ ︷ }
xb︷ ︸︸ ︷ 
µ− 1
︸ ︷︷ ︸
c


y
B
A
A ∪B
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Parallel to Technique 17, sufficient conditions for having a completable
partial latin square suitable for this technique are the following.
(1) a, b ≥ x+ µ− 1,
(2) a+ b+ c = n,
(3) x ≥ 1,
(4) c ≥ y ≥ µ,
(5) a+ b ≥ x+ y and
Note that since the elements appearing in the bottom-left subrectangle of
order c × y cannot be from the set A ∪ B we should have c ≥ y (see (4)
above) for the partial latin square to be completable.
3 Main results
In this section first we introduce some notations. Then we give some proofs
of the existence and non-existence of our results on 4-way intersection prob-
lem. These will lead to the proof of our main theorem stated at the end of
this section.
For each n ≥ 1, define
J4[n] = [0, n2 − 27] ∪ {n2 − 25, n2 − 24, n2 − 23, n2 − 20, n2 − 16, n2}.
Since the possible volumes for 4-way latin trades are N \ ([1, 15] ∪
{17, 18, 19, 21, 22, 26}) (see [3]) we have I4[n] ⊆ J4[n].
The following lemmata are generalizations of Corollary 2.1 and Corol-
lary 2.2 of [2]:
Lemma 22 If I4[n] ⊇ [0, ⌈n2/2⌉], then I4[2n] ⊇ [0, 3n2]∪{I4[n]+ {3n2}}.
Lemma 23 If n ≥ 4 and I4[n] ⊇ [0, 7n+ 4], then
I4[2n+ 1] ⊇ [0, (2n+ 1)2 − n2] ∪ {I4[n] + {(2n+ 1)2 − n2}}.
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Now, these two corollaries are immediate:
Corollary 24 If I4[n] = J4[n] and I4[n] ⊇ [0, ⌈n2/2⌉], then I4[2n] =
J4[2n].
Corollary 25 If n ≥ 4, I4[n] = J4[n] and I4[n] ⊇ [0, 7n+4], then I4[2n+
1] = J4[2n+ 1].
3.1 Proofs of existence
Here, we mention the method of obtaining non-trivial members of I4[n], for
each n ≥ 4.
• n = 4:
⋄ {0}: by Lemma 1.
• n = 5:
⋄ {0, 5}: by Lemma 1
⋄ {1}: computer search.
• n = 6:
⋄ {0, 6, 12}: by Lemma 1
⋄ {1, 2, 3, 4, 5, 7, 8, 11}: computer search.
• n = 7:
⋄ {0, 7, 14, 21}: by Lemma 1
⋄ {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 19}: computer search.
• n = 8:
⋄ {0, 8, 16, 24, 32} : by Lemma 1
⋄ {1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 25, 28, 33}:
computer search
⋄ {36}: Example 15
⋄ {48}: by Proposition 6.
• n = 9:
⋄ {0, 9, 18, 27, 36, 45}: by Lemma 1
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⋄ {2, 3, 4, 6, 7, 8, 10, 11, 12, 13, 14, 15}: computer search
⋄ {1, 5, 16, 17, 20, 21, 25, 29, 37, 41, 61, 65}: by Technique 12
⋄ {22, 23, 31, 32, 40}: by Technique 17.
• n = 10:
⋄ {0, 10, 20, 30, 40, 50, 60}: by Lemma 1
⋄ {1, 2, 3, 4, 5, 6, 7, 8, 11, 12, 15, 16, 25, 26, 27, 28, 31, 32, 35}∪
{36, 51, 52, 55, 56, 57, 61, 75, 76, 80, 84}: by Proposition 6
⋄ {14, 24, 34, 44, 45, 46, 54}: by Technique 17.
⋄ {77}: computer search
• n = 11:
⋄ {4, 21, 38, 45, 50, 51, 54, 59, 60, 62, 65, 70}: by Technique 17
⋄ remaining elements of I4[11] \R4[11] : by Technique 12.
• n = 12:
⋄ {117, 121}: computer search
⋄ remaining elements of I4[12] \R4[12] : by Proposition 6.
• n = 13:
⋄ {146}: computer search
⋄ {128, 129}: by Technique 21
⋄ remaining elements of I4[13] \R4[13] : by Technique 12.
• n = 14:
⋄ {169, 173}: computer search
⋄ {135}: by Technique 17
⋄ {146}: by Technique 21
⋄ remaining elements of I4[14] \R4[14] : by Proposition 6.
• n = 15:
⋄ {202}: by adding fixed cells, one can obtain a 4-way latin rect-
angle of 5× 15 from the the 4-way latin rectangle found for the
case 77 ∈ I4[10] in the Appendix. Then, obviously, adding fixed
rows to this 4-way rectangle result in 202 ∈ I4[15].
⋄ {198}: computer search
⋄ {160}: by Technique 17
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⋄ {170, 171, 173, 174, 175}: by Technique 21
⋄ remaining elements of I4[15] \R4[15] : by Technique 12.
• n = 16:
⋄ {233}: similar to 202 ∈ I4[15] argument
⋄ {229}: computer search
⋄ I4[16] : by Proposition 6.
• n = 17:
⋄ {266}: similar to 202 ∈ I4[15] argument
⋄ {262}: by adding fixed cells, one can obtain a 4-way latin rect-
angle of 5× 17 from the the 4-way latin rectangle found for the
case 117 ∈ I4[12] in the Appendix. Then, obviously, adding fixed
rows to this 4-way rectangle result in 262 ∈ I4[17].
⋄ {215}: by Technique 17
⋄ {218, 223, 224}: by Technique 21
⋄ {220}: Using the latin rectangle (17, 220) shown in Appendix as
input, we can make this intersection with a technique similar to
Technique 21. This latin rectangle has three row permuting sub-
rectangles. Note that the first row of one of these subrectangles
is separate from other rows of it.
⋄ remaining elements of I4[17] : by Technique 12.
• n = 18:
⋄ {301}: similar to 202 ∈ I4[15] argument
⋄ {297}: similar to 262 ∈ I4[17] argument
⋄ remaining elements of I4[18] : by Proposition 6.
• n = 19:
⋄ {338}: similar to 202 ∈ I4[15] argument
⋄ {334}: similar to 262 ∈ I4[17] argument
⋄ {264, 273, 274, 278, 279}: by Technique 17
⋄ {268}: Using the latin rectangle (19, 268) shown in Appendix
as input, we can make this intersection with a technique similar
to Technique 21. This latin rectangle has three row permuting
subrectangles.
⋄ remaining elements of I4[17] by Technique 12.
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• n = 20:
⋄ {373}: similar to 262 ∈ I4[17] argument
⋄ remaining elements of I4[20] : by Proposition 6.
• n = 21:
⋄ {414}: similar to 262 ∈ I4[17] argument
⋄ {354, 358}: computer search
⋄ remaining elements of I4[21] : by Technique 12.
• n = 22:
⋄ {457}: similar to 262 ∈ I4[17] argument
⋄ remaining elements of I4[22] : by Proposition 6.
• n = 23:
⋄ {502}: similar to 262 ∈ I4[17] argument
⋄ remaining elements of I4[23] : by Technique 12.
• 24 ≤ n ≤ 31:
⋄ for odd n, I4[n] : by Technique 12
⋄ for even n, I4[n] : by Proposition 6.
• n ≥ 32:
⋄ for even n, I4[n] : by Corollary 24.
⋄ for odd n, I4[n] : by Corollary 25.
3.2 Proofs of non-existence
Here, we prove that certain intersection sizes are not possible for small val-
ues of n. In most of the proofs, we assume that a 4-way latin square of
corresponding intersection size exists. Then by argument on the extendibil-
ity and completability of ’its trade’ to a 4-way latin square of needed order,
we reach a contradiction.
• Proof of 2 /∈ I4[5]: Suppose 2 ∈ I4[5]. By Lemma 2, we know that
each row (and column) has at most 1 fixed cell. By a permutation
on rows and columns, we may assume that (1, 1) and (2, 2) are the
fixed cells. If these fixed cells have different elements, then there are
only 3 elements left for the trade at (1, 2). Hence, they must have
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the same element, say 1. Now, it is easy to verify that there is not
enough room for 1 in the third row as 1 cannot appear in (3, 1) and
(3, 2).
• Proof of 9 /∈ I4[5] and 20 /∈ I4[6]: In each case, the volume of the
trade is 16 and since there are at least four filled cells in each row
and in each column of the trade, and also since each element appears
at least 4 times in the trade, that is indeed a 4-way latin square of
order 4. But, this trade cannot be extended to a 4-way latin square
of order 5 or 6, as necessary condition for embedding a latin square
of order m in a latin square of order n is that n ≥ 2m or m = 2n.
• Proof of 13, 16 /∈ I4[6] and 22, 24, 25, 26, 29, 33 /∈ I4[7]: For these
intersections, we produced all possible row sequences. Then, accord-
ing to Lemmata 8 and 9, we ruled out all of them.
(Note that we can similarly prove 9 /∈ I4[5] and 20 /∈ I4[6] by means
of Lemmata 9 and 10).
• Proof of 9 /∈ I4[6]: Suppose 9 ∈ I4[6]. There are at least four filled
cells in each row and column of its trade. So, its trade is 5 × 6 or
6× 6.
5 × 6: There are two possible skeletons (cells containing a dot corre-
spond to empty cells of trade) for this trade. The first skeleton is as
below.
•
•
•
As |X | ≤ 6 (since there is a row of six nonempty cells |X | = 6) and
each element of X should appear in at least four rows we have either
|Ri ∩ Rj | = 4 or |Ri ∩ Rj | = 5 for distinct i, j ∈ {1, 2, 3}. First we
show |Ri ∩ Rj | = 5 cannot happen for any distinct i, j ∈ {1, 2, 3}.
Suppose |R1 ∩R2| = 5. This means R1 = R2. On the other hand by
Corollary 4 we have R1 = C2 ∪ C3 and |C2 ∩ C3| = 3 and similarly
R2 = C1∪C3 and |C1∩C3| = 3. Hence R1 = C2∪C3 = C1∪C3 = R2
which results to C1 = C2. But according to Corollary 4 with respect
to C1, C2 and R3 we have |C1 ∩ C2| = 3 which is a contradiction.
Therefore |Ri ∩ Rj | = 4 for distinct i, j ∈ {1, 2, 3}. Now consider
x ∈ X \ R3. Clearly x ∈ R1 and x ∈ R2 (hence x ∈ R1 ∩ R2). By
Lemma 2 we have C3 ⊂ R1 and C3 ⊂ R2 (hence C3 ⊆ R1∩R2). Since
|C3| = 4 we have x ∈ C3 = R1∩R2. This yields that cell (3, 3) of this
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trade cannot be filled to get a 4-way latin square of needed order.
The second possible skeleton is
• •
•
As we have a row of six nonempty cells we have X = {1, 2, . . . , 6}.
Suppose 6 /∈ X \R2. To be able to fill the cell (2, 3) in order to obtain
the needed 4-way latin square, we should have 6 /∈ C1, C2, C3. But
this is a contradiction as 6 should appear in at least 4 columns of this
trade.
6 × 6: In this trade, there are at least three rows and three columns
with two empty cells. We can assume the first three rows and columns
are so. There is one row and one column with only one empty cell. By
permutation, assume that the last row and column are like this and
hence cell (6, 6) is empty. Suppose R6 = {1, 2, . . . , 5}. We can assume,
by Corollary 4, that C1 = {1, 2, 4, 5}, C2 = {1, 2, 3, 4} and C3 =
{1, 2, 3, 5}. According to Corollary 3, we can assume that Ri = Ci for
i = 1, 2, 3 and hence by Corollary 4 we have C6 = {1, 2, . . . , 5}. Each
element should appear in at least four columns, so X = {1, 2, . . . , 5}.
Now one can simply check that empty cells of three first rows and
columns cannot be filled in a latin way to obtain the 4-way latin
square of needed order.
• Proof of 20 /∈ I4[7]: Let L be a 4-way latin square with intersec-
tion size 20. The row (or column) sequence of L can only contain
{0, 1, 2, 3, 7} (Lemma 5). The row (or column) sequence cannot con-
tain more than two 7s as there are only 20 cells in the intersection
part. If it contains only one 7, it cannot contain 3 and if it contains
exactly two 7s, it cannot contain 2 or 3 (Lemma 8). In both cases,
the maximum intersection size would be 19 (7+6×2 or 7+7+5×1).
Hence, the row sequence of L does not contain 7. Similarly, there can
be no 1s and there is exactly one 2, and (up to symmetry) the only
valid row (and column) sequence is {ai} = {3, 3, 3, 3, 3, 3, 2}. With-
out loss of generality, suppose that the first column has intersection
size 2 and these intersections are the two top cells of this column. At
least one of the two first rows has intersection size 3. Suppose this
row is the first one. Furthermore, suppose that these 3 intersections
are located in the first 3 cells of this row. Applying Corollary 3, we
deduce that the same set of numbers (Suppose {1, 2, 3}) appears in
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the intersection part in the last four columns. So, there are 3 num-
bers that appear at least four times in L. By Lemma 5, any of these
numbers appears exactly 7 times in the intersection part. Hence, L
has intersection size at least 7× 3 = 21 > 20.
• Proof of 37 /∈ I4[8], 54 /∈ I4[9] and 73 /∈ I4[10]: We prove 54 /∈ I4[9]
and the other ones are similar. Suppose 54 ∈ I4[9]. There are at least
four filled cells in each row and column of its trade. So, its trade is
5× 6 or 6× 6.
5× 6: Each element of this trade should appear in at least four cells
of it. So at most six elements are in this trade. Since there is a row of
six nonempty cells, we haveX = {1, 2, . . . , 6}. To extend this trade to
a 4-way latin square of order 9, we should place other three elements,
{7, 8, 9}, in the added rows and empty cells. But this is not possible.
6 × 6: The same as 6 × 6 case of 9 /∈ I4[6] we can prove that X =
{1, 2, . . . , 5}. But this trade cannot be extended to the desired 4-way
latin square using other four elements, {6, 7, 8, 9}.
• Proof of 39 /∈ I4[8] and 56 /∈ I4[9]: We prove 39 /∈ I4[8] and the
other one is similar. Suppose 39 ∈ I4[8]. There are at least four filled
cells in each row and column of its trade. So, its trade is 5×5 or 5×6
or 6× 6.
5 × 5: In this trade we have |X | ≤ 6. So it cannot be extended to a
4-way latin square of order 8.
5 × 6: In this trade we have |X | ≤ 6 (one can show |X | = 5). So it
cannot be extended to a 4-way latin square of order 8.
6×6: In this trade, there are five rows and five columns containing two
empty cells. There are one row and one column with a single empty
cell. We can assume the last row and column contain a single empty
cell. If we show that R1 = R2 = · · · = R5 = C1 = C2 = · · · = C5 then
we have a contradiction since |X | ≥ 5 (last row has five nonempty
cells).
Let H = (A,B) be a bipartite graph constructed from this trade,
as follows. Corresponding to each first five rows we have a vertex
in A and corresponding to each first five columns we have a vertex
in B. Vertex a ∈ A is adjacent to vertex b ∈ B if and only if their
correspondent rows and columns have a nonempty cell in common. As
|Ri| = |Ci| = 4 for i ∈ {1, 2, . . . , 5}, to prove R1 = R2 = · · · = R5 =
C1 = C2 = · · · = C5 it suffices to show the graph H is connected.
To show this, consider that H is a graph obtained from a K5,5 by
deleting two perfect matchings from it. So, H is a 3-regular bipartite
graph with five vertices in each partition and hence connected.
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• Proof of 40 /∈ I4[8] and 57 /∈ I4[9]: We prove 40 /∈ I4[8] and the
other one is similar. Suppose 40 ∈ I4[8]. There are at least four filled
cells in each row and column of its trade. So, its trade is 5×5 or 4×6
or 5× 6 or 6× 6.
5× 5: Each element of this trade should appear in at least four cells
of it. So at most six elements are in this trade. But this trade cannot
be extended to the desired 4-way latin square of order 8.
4 × 6: Since each element should appear in at least four cells of this
trade we have X = {1, 2, . . . , 6}. So this trade cannot be extended
to the desired 4-way latin square of order 8 using the remaining two
elements.
5× 6: This trade has at least one row with two empty cells. Suppose
the first row has two empty cells. Each column has an empty cell. We
can assume the last two cells of first row are empty. So by Corollary
3 we have R1 = C1 = C2 = C3 = C4. This yields that X = R1.
Therefore, this trade cannot be extended to the desired 4-way latin
square of order 8 using the remaining four elements.
6× 6: Each row and column has two nonempty cells. Similar to 6× 6
case of 39 /∈ I4[8] we can show that X = {1, 2, 3, 4}. And hence this
trade cannot be extended to the desired 4-way latin square of order
8 using the remaining four elements.
• Proof of 41 /∈ I4[8] and 58 /∈ I4[9]: We prove 41 /∈ I4[8] and the
other one is similar. Suppose 41 ∈ I4[8]. There are at least four filled
cells in each row and column of its trade. So, its trade is 5 × 5. It
has two empty cells which are not in a common row or column. As
|X | = 5, this trade is not extendible to the desired 4-way latin square.
• Proof of 44 /∈ I4[8]: There are at least four filled cells in each row
and column of its trade. So, its trade is 5× 5 or 4× 5.
4×5: One can simply see that |X | = 5. So, this trade is not extendible
to the desired 4-way latin square.
5× 5: Each row and column contains an empty cell. Similar to 6× 6
case of 39 /∈ I4[8] we can show that X = {1, 2, 3, 4}. Hence this trade
is not extendible to the desired 4-way latin square.
The results given above follow the following (main) theorem. Note that
R4[n] denotes undecided values.
Theorem 26 (MAIN) We have,
• I4[n] = J4[n] for 1 ≤ n ≤ 6,
• I4[7] ⊇ [0, 17] ∪ {19, 21, 49}, R4[7] = {18},
19
• I4[8] ⊇ J4[8]\(R4[8]∪{35, 37, 39, 40, 41, 44}),R4[8] = {26, 27, 29, 30, 31, 34}
• I4[9] ⊇ J4[9] \ (R4[9] ∪ {54, 56, 57, 58}),
R4[9] = {19, 24, 28, 33, 34, 35, 39, 42, 43, 44, 47, 48, 49, 50, 51, 52, 53},
• I4[10] ⊇ J4[10]\(R4[10]∪{73}), R4[10] = {9, 13, 17, 18, 19, 21, 22, 23, 29, 33, 37, 38, 39, 41, 42,
43, 47, 48, 49, 53, 57, 58, 59, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72},
• I4[11] ⊇ J4[11] \R4[11],
R4[11] = {74, 75, 78, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 92, 93, 94, 98},
• I4[12] ⊇ J4[12]\R4[12], R4[12] = {93, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107},
• I4[13] ⊇ J4[13]\R4[13], R4[13] = {118, 119, 121, 122, 123, 124, 125, 126, 130, 131, 132, 142},
• I4[14] ⊇ J4[14] \R4[14], R4[14] = {137, 139, 141, 142, 143, 144, 145},
• I4[15] ⊇ J4[15] \R4[15], R4[15] = {162, 164, 166, 167, 168, 172}, and
• I4[n] = J4[n] for any n ≥ 16.
4 Conclusion
The so-called intersection problem has been considered for many different
combinatorial structures, including latin squares. This intersection problem
basically takes a pair of structures, with the same parameters and based
on the same underlying set, and determines the possible number of com-
mon sub-objects which they may have (such as blocks, entries, etc.). The
intersection problem has also been extended from consideration of pairs of
combinatorial structures to sets of three, or even sets of µ, where µ may
be larger than 3. In this paper, we studied the problem of determining, for
all orders n, the set of integers k for which there exists 4 latin squares of
order n having precisely k identical cells, with their remaining n2 − k cells
different in all four latin squares, denoted by I4[n].
We have completely determined I4[n] for n ≥ 16 but there are still
undecided values for n ≤ 15. The smallest undecided question is whether
18 ∈ I4[7]. If the answer to this question is yes, it can be concluded that
137 ∈ I4[14] and 162 ∈ I4[15] using Proposition 6 and Technique 13. All
other undecided values (R4[x], 8 ≤ x ≤ 15, section 3) should be answered
directly and can not be solved (at least with) techniques discussed in this
paper.
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Appendix
In each of the following, the top two numbers in each row indicate the
order of latin square and the achieved intersection number, respectively.
Elements of the set {1, 2, . . . , 9, a, b, c, . . . , z} are used as entries.
Latin rectangles containing underlined entries, are the input needed for
Techniques 17 and 21 where the underlined entries show fixed cells. Fixed
or permuting parts are separated by double lines.
22
5, 1
1 2345
3254
4523
5432
2345
1453
4132
5214
3521
3254
4512
5321
1435
2143
4523
5231
2415
3142
1354
5432
3124
1543
2351
4215
6, 1
1 2345
3256
4563
5624
6432
2356
1264
4132
3415
6541
5623
3264
4123
5641
6352
1435
2516
4532
3456
6314
5621
2163
1245
5643
6512
1425
2134
3256
4361
6425
5631
2563
1246
4312
3154
6, 2
1 2 3456
4365
5634
6543
2346
1435
4162
3251
6523
5614
3254
4163
5621
6512
1345
2436
4562
3651
6234
5143
2416
1325
5623
6514
1345
2436
3152
4261
6435
5346
2513
1624
4261
3152
6, 3
1 2 3456
4365
5634
6543
2 1354
4165
3416
6543
5631
3564
4613
5231
6142
1325
2456
4653
3165
6542
5231
2416
1324
5436
6541
1324
2653
3162
4215
6345
5436
2613
1524
4251
3162
6, 4
1 2 3456
4365
5634
6543
2 1 4365
3456
6543
5634
3546
4635
5123
6214
1352
2461
4635
3546
6214
5123
2461
1352
5364
6453
1532
2641
3125
4216
6453
5364
2641
1532
4216
3125
6, 5
1 2 3456
4365
5643
6534
3 1465
2 5146
6514
4651
2564
3 1645
6421
4152
5216
4652
5146
6513
1234
2361
3425
5426
6514
4361
3652
1235
2143
6245
4651
5134
2513
3426
1362
6, 7
1 2 3456
4365
5634
6543
2 3564
1645
5431
6153
4316
3456
1645
2 6513
4361
5134
4365
5413
6134
2 1546
3651
5634
6351
4513
3146
2 1465
6543
4136
5361
1654
3415
2
6, 8
1 2 3 4 5 6
2 3456
1645
5163
6314
4531
3456
1 2564
6235
4623
5342
4365
5643
6152
1526
2431
3214
5643
6534
4216
2351
3162
1425
6534
4365
5421
3612
1246
2153
6, 11
1 2 3 4 5 6
2 3456
1564
5613
6341
4135
3 1564
2456
6125
4612
5241
4 5631
6125
2356
1263
3512
5 6143
4612
3261
2436
1324
6 4315
5241
1532
3124
2453
7, 1
1 2345
3254
4567
5476
6723
7632
2345
1234
4126
3472
6517
7651
5763
3254
4123
1367
2715
7632
5476
6541
4567
5476
6732
7651
1243
2315
3124
5476
3762
7645
6123
2351
1534
4217
6732
7651
2513
5346
3124
4267
1475
7623
6517
5471
1234
4765
3142
2356
7, 2
1 2 3456
4367
5674
6735
7543
2345
1436
4123
3271
6517
7652
5764
3256
4517
1642
2735
7163
5374
6421
4527
5143
6375
7614
1732
2461
3256
5673
3765
7214
6452
2341
1526
4137
6734
7651
2567
5146
3425
4213
1372
7462
6374
5731
1523
4256
3147
2615
7, 3
1 2 3 4567
5476
6745
7654
2345
1436
4127
3271
6512
7654
5763
3254
4163
1476
2735
7621
5312
6547
4567
5371
6245
7624
1753
2136
3412
5476
3715
7652
6143
2364
1527
4231
6732
7654
2561
5416
3147
4273
1325
7623
6547
5714
1352
4235
3461
2176
23
7, 4
1 2 3 4567
5476
6745
7654
2 1346
4157
3475
6513
7634
5761
3456
4135
1264
2713
7641
5372
6527
4367
5671
6425
7134
1752
2513
3246
5673
3764
7542
6251
2137
1426
4315
6745
7513
2671
5326
3264
4157
1432
7534
6457
5716
1642
4325
3261
2173
7, 5
1 2 3 4567
5476
6745
7654
2 1 4567
3456
7635
5374
6743
3456
4365
1274
2613
6741
7532
5127
4367
5473
6712
7245
2154
3621
1536
5743
7536
2651
6124
4312
1467
3275
6574
3647
7425
5731
1263
2156
4312
7635
6754
5146
1372
3527
4213
2461
7, 6
1 2 3 4567
5476
6745
7654
2 1 4 3675
6357
7536
5763
3467
4356
1275
2713
7132
5624
6541
4375
5647
6521
7432
1764
2153
3216
5634
3765
7156
6241
2513
1472
4327
6753
7534
2617
5126
3245
4361
1472
7546
6473
5762
1354
4621
3217
2135
7, 8
1 2 3 4 5 6 7
2 1345
4167
3576
6714
7453
5631
3456
4167
1274
2315
7631
5742
6523
4375
5431
6752
7623
1246
2517
3164
5647
3576
7425
6751
2163
1234
4312
6734
7653
2516
5162
3427
4371
1245
7563
6714
5641
1237
4372
3125
2456
7, 9
1 2 3 4 5 6 7
2 1 4567
3675
6743
7354
5436
3476
4357
1245
2163
7614
5732
6521
4357
5463
6714
7521
1236
2175
3642
5634
3576
7421
6752
2167
1243
4315
6745
7634
2156
5317
3472
4521
1263
7563
6745
5672
1236
4321
3417
2154
7, 10
1 2 3 4 5 6 7
2 1 4567
3675
6743
7354
5436
3 4567
1276
2751
7624
5412
6145
4567
5673
6724
7316
1432
2145
3251
5476
3754
7145
6523
2361
1237
4612
6745
7436
2651
5162
3217
4573
1324
7654
6345
5412
1237
4176
3721
2563
7, 11
1 2 3 4 5 6 7
2 1 4567
3675
6734
7453
5346
3 4 1675
2756
7162
5217
6521
4765
5376
6421
7513
1247
2134
3652
5476
3567
7254
6321
2613
1742
4135
6547
7653
2716
5132
3421
4375
1264
7654
6735
5142
1267
4376
3521
2413
7, 12
1 2 3 4 5 6 7
2 1 4567
3675
6734
7453
5346
3 4 2675
1567
7126
5712
6251
5674
7536
1 6752
3247
4325
2463
4567
6753
5246
7321
1472
2134
3615
6745
5367
7452
2136
4613
3271
1524
7456
3675
6724
5213
2361
1547
4132
7, 13
1 2 3 4 5 6 7
2 1 4567
3675
6734
7453
5346
3 4 2756
5167
7621
1572
6215
6754
7635
1 2 3476
5347
4563
4576
5367
7425
6731
2143
3214
1652
5647
3756
6274
7513
1362
4125
2431
7465
6573
5642
1356
4217
2731
3124
7, 15
1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4567
1675
2756
7412
5241
6124
4756
5643
6127
7512
1374
2435
3261
5467
3756
7512
6175
4231
1324
2643
6574
7435
5261
1627
2743
3152
4316
7645
6374
2756
5261
3127
4513
1432
7, 16
1 2 3 4 5 6 7
3 4 2 1 6 7 5
2 1765
5476
7653
3147
4531
6314
6547
3 1765
5276
7412
2154
4621
5674
7156
6541
2367
4723
3215
1432
4765
5617
7154
6532
2371
1423
3246
7456
6571
4617
3725
1234
5342
2163
7, 17
1 2 3 4 5 6 7
2 3 1 5 4 7 6
3 6457
5674
7126
2761
4512
1245
4765
1 6547
3672
7236
5324
2453
7456
5764
2 6317
1673
3145
4531
5647
4576
7465
2731
6312
1253
3124
6574
7645
4756
1263
3127
2431
5312
24
7, 19
1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4567
1675
2756
7241
5412
6124
4 5376
6527
7165
1732
3251
2613
5 6743
7216
1672
4327
2134
3461
6 7435
2751
5217
3174
4523
1342
7 3654
5162
6521
2413
1345
4236
8, 1
1 2345
3256
4527
5438
6782
7863
8674
2345
1234
4123
3412
6587
5678
8756
7861
3256
4123
1342
2638
7814
8567
5471
6785
4527
3416
2675
1253
8761
7834
6182
5348
5438
6587
7861
8746
1273
2315
3624
4152
6782
5678
8534
7861
2156
1243
4315
3427
7864
8751
5487
6375
3642
4126
1238
2513
8673
7862
6718
5184
4325
3451
2547
1236
8, 2
1 2 3456
4365
5678
6587
7834
8743
2345
1436
4123
3214
6587
5678
8751
7862
3256
4165
1342
2431
7813
8724
5678
6587
4527
3618
2734
1843
8152
7261
6385
5476
5438
6347
7285
8176
1764
2853
3512
4621
6783
5874
8561
7652
2345
1436
4127
3218
7864
8753
5678
6587
3421
4312
1246
2135
8672
7581
6817
5728
4236
3145
2463
1354
8, 3
1 2 3 4567
5478
6785
7846
8654
2345
1436
4127
3214
6581
5678
8752
7863
3256
4163
1472
2345
7814
8527
5638
6781
4527
3615
2741
1438
8162
7854
6283
5376
5438
6781
7865
8652
1243
2316
3174
4527
6784
5378
8256
7821
2635
1463
4517
3142
7862
8547
5684
6173
3756
4231
1325
2418
8673
7854
6518
5786
4327
3142
2461
1235
8, 4
1 2 3 4 5678
6587
7856
8765
2345
1436
4127
3218
6581
5672
8763
7854
3256
4165
1478
2387
7812
8721
5634
6543
4527
3618
2745
1836
8153
7264
6371
5482
5438
6347
7216
8125
1764
2853
3582
4671
6782
5871
8564
7653
2345
1436
4127
3218
7863
8754
5681
6572
3426
4315
1248
2137
8674
7583
6852
5761
4237
3148
2415
1326
8, 5
1 2 3 4 5678
6587
7856
8765
2 1345
4156
3517
6481
5678
8763
7834
3456
4137
1245
2361
7813
8724
5678
6582
4367
3416
2574
1238
8742
7851
6185
5623
5638
6584
7812
8756
1265
2143
3427
4371
6783
5678
8461
7825
2354
1236
4512
3147
7845
8751
5687
6173
3526
4362
1234
2418
8574
7863
6728
5682
4137
3415
2341
1256
25
8, 6
1 2 3 4 5678
6587
7856
8765
2 1 4567
3658
6384
5473
8735
7846
3456
4367
1245
2173
7812
8721
5684
6538
4367
3458
2174
1286
8723
7835
6541
5612
5678
6583
7816
8732
1245
2164
3427
4351
6583
5674
8751
7865
2136
1248
4312
3427
7834
8745
5682
6521
3457
4316
1268
2173
8745
7836
6428
5317
4561
3652
2173
1284
8, 7
1 2 3 4 5678
6587
7856
8765
2 1 4 3568
6387
5673
8735
7856
3456
4365
1278
2137
7814
8721
5643
6582
4368
3457
2185
1276
8721
7832
6514
5643
5637
6578
7856
8715
1243
2164
3482
4321
6873
5684
8761
7352
2536
1245
4127
3418
7584
8743
5612
6821
3465
4356
1278
2137
8745
7836
6527
5683
4152
3418
2361
1274
8, 9
1 2 3 4 5 6 7 8
2 1346
4157
3518
6781
5873
8465
7634
3456
4165
1278
2387
7613
8524
5831
6742
4368
3617
2746
1835
8124
7251
6582
5473
5673
6458
7582
8726
1847
2135
3214
4361
6587
5871
8614
7263
2436
1742
4358
3125
7845
8734
5461
6152
3278
4387
1623
2516
8734
7583
6825
5671
4362
3418
2146
1257
8, 10
1 2 3 4 5 6 7 8
2 1 4567
3658
6783
5874
8345
7436
3456
4365
1274
2183
7618
8527
5831
6742
4367
3458
2716
1825
8134
7243
6582
5671
5683
6574
7128
8217
1842
2731
3456
4365
6738
5847
8651
7562
2476
1385
4213
3124
7845
8736
5482
6371
3267
4158
1624
2513
8574
7683
6845
5736
4321
3412
2168
1257
8, 11
1 2 3 4 5678
6587
7856
8765
2 1 4 3 6587
5678
8765
7856
3 4 1 2568
7856
8725
5672
6287
4576
3685
2768
1257
8132
7841
6324
5413
5487
6753
7825
8672
1264
2316
3148
4531
6758
5867
8576
7185
2341
1432
4213
3624
7864
8376
5682
6721
3415
4253
1537
2148
8645
7538
6257
5816
4723
3164
2481
1372
8, 12
1 2 3 4 5 6 7 8
5 6 7 8 1234
2143
3412
4321
2346
1435
4128
3217
6781
5872
8563
7654
3267
4158
1485
2376
7612
8521
5834
6743
4678
3587
2856
1765
8123
7214
6341
5432
6482
5371
8264
7153
2846
1735
4628
3517
7823
8714
5641
6532
3467
4358
1285
2176
8734
7843
6512
5621
4378
3487
2156
1265
8, 13
1 2 3 4 5 6 7 8
5 6 7 8 1234
2143
3412
4321
2 1348
4156
3517
6783
5871
8634
7465
3468
4137
1285
2376
7612
8524
5841
6753
4376
3451
2814
1765
8127
7238
6583
5642
6837
5784
8641
7123
2478
1352
4265
3516
7684
8573
5462
6251
3846
4715
1328
2137
8743
7815
6528
5632
4361
3487
2156
1274
8, 14
1 2 3 4 5 6 7 8
5 6 7 8 1234
2143
3412
4321
2 1 4568
3657
6783
5874
8345
7436
3467
4358
1284
2173
7621
8512
5836
6745
4378
3487
2851
1762
8146
7235
6523
5614
6784
5873
8146
7235
2317
1428
4651
3562
7836
8745
5612
6521
3468
4357
1284
2173
8643
7534
6425
5316
4872
3781
2168
1257
26
8, 15
1 2 3 4 5 6 7 8
5 6 7 8 1234
2143
3412
4321
2 1 8 3567
4376
7435
5643
6754
3467
4358
1245
2136
6781
5872
8524
7613
4378
3487
5162
6251
7623
8714
2835
1546
6784
7845
4526
5673
8412
3251
1368
2137
7836
8573
2614
1725
3148
4387
6251
5462
8643
5734
6451
7312
2867
1528
4186
3275
8, 17
1 2 3 4 5 6 7 8
5 6 7 8 1234
2143
3412
4321
6 5 8 7 2143
1324
4231
3412
2 1784
4561
3615
6478
5837
8356
7143
3784
4317
1652
2563
7826
8471
5148
6235
4837
3148
2416
1352
8761
7285
6523
5674
7348
8473
5124
6231
3687
4512
1865
2756
8473
7831
6245
5126
4312
3758
2684
1567
8, 18
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4567
1278
2685
7812
8724
5146
6451
4 3658
2187
1576
8721
7813
6235
5362
5678
6385
7856
8712
1234
2147
3461
4523
6587
5476
8765
7821
2143
1238
4352
3614
7865
8734
5612
6257
3478
4381
1523
2146
8756
7843
6521
5168
4387
3472
2614
1235
8, 19
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4 5678
6587
7812
8721
1256
2165
4 3567
1285
2876
8721
7138
5613
6352
5678
6385
7156
8761
2437
1842
3524
4213
6587
7853
8721
5612
3248
2374
4165
1436
7865
8736
6512
1258
4173
3487
2341
5624
8756
5678
2867
7125
1384
4213
6432
3541
8, 20
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
5 6 7 8 1234
2143
3412
4321
3467
4358
1285
2176
7812
8721
5634
6543
4378
3487
2156
1265
8723
7814
6541
5632
6784
5873
8562
7651
2148
1237
4326
3415
7836
8745
5618
6527
3471
4382
1253
2164
8643
7534
6821
5712
4387
3478
2165
1256
8, 21
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
5 6 7 8 1234
2143
3421
4312
3 4578
1286
2657
7841
8712
5164
6425
4867
3784
2158
1526
8472
7231
6315
5643
6478
5347
8615
7261
2783
1824
4532
3156
7684
8453
5862
6715
3127
4378
1246
2531
8746
7835
6521
5172
4318
3487
2653
1264
27
8, 22
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
5 6 7 8 1234
2143
3412
4321
3 4578
1285
2157
7841
8724
6 5412
4678
3457
5816
1562
8723
7281
2345
6134
6784
5843
8162
7625
2417
1378
4531
3256
7846
8735
2658
6271
4382
3417
5124
1563
8467
7384
6521
5716
3178
4832
1253
2645
8, 23
1 2 3 4 5 6 7 8
2 3 4 1 6 7 8 5
5 6 7 8 1234
2143
3412
4321
4 7 1256
2563
8 5321
6135
3612
3678
1485
6821
5736
7342
8514
4253
2167
6783
8541
5618
3275
4127
1852
2364
7436
7836
4158
8562
6327
2713
3485
5641
1274
8367
5814
2185
7652
3471
4238
1526
6743
8, 25
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4 1 2 7 8 5 6
4 5678
6587
7856
8123
1732
2361
3215
5678
3567
8256
1785
2814
7143
6432
4321
6587
8736
7825
5168
3241
2374
4613
1452
7856
6385
5762
8671
1438
4217
3124
2543
8765
7853
2678
6517
4382
3421
1246
5134
8, 28
1 2 3 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4 1 2 7 8 5 6
5 6 7 8 1234
2143
3412
4321
4678
3587
2856
1765
8123
7214
6341
5432
6487
5378
8265
7156
2841
1732
4623
3514
7846
8735
5628
6517
3482
4371
1264
2153
8764
7853
6582
5671
4318
3427
2136
1245
8, 33
1 2 3 4 5 6 7 8
6 3 2 5 4 1 8 7
7 4 5 2 3 8 1 6
5 8 1467
3716
2671
7324
6243
4132
4 1756
8 6371
7162
2537
3625
5213
3 5671
7146
8 6217
4752
2564
1425
2 7165
6714
1637
8 5473
4356
3541
8 6517
4671
7163
1726
3245
5432
2354
9, 2
1 2 3456
4365
5634
6789
7598
8947
9873
2345
1436
4123
3214
6571
5698
9782
7859
8967
3254
4163
1342
2431
7815
8927
5679
9586
6798
4523
3614
2731
1842
8169
9275
6957
5398
7486
5432
6341
7294
9578
1987
2813
8126
3765
4659
6789
5978
9865
8197
3452
7546
4231
1623
2314
7968
9587
8619
6723
4296
1354
3845
2471
5132
8697
7859
6578
5986
9723
3461
2314
4132
1245
9876
8795
5987
7659
2348
4132
1463
6214
3521
28
9, 3
1 2 3 4567
5476
6789
7698
8945
9854
2345
1436
4127
3214
6581
5692
8759
9873
7968
3254
4163
1472
2341
7615
8926
9837
5798
6589
4523
3614
2741
1432
9158
7865
5976
6289
8397
5432
6341
7269
8923
1894
9578
2185
3657
4716
6789
9578
8956
7895
2347
3214
1463
4132
5621
7698
8759
5814
9186
4923
1437
6342
2561
3275
8976
5897
9685
6758
3269
2143
4521
7314
1432
9867
7985
6598
5679
8732
4351
3214
1426
2143
9, 4
1 2 3 4 5678
6589
7895
8967
9756
2345
1436
4127
3218
6581
5692
8759
9873
7964
3254
4163
1472
2381
7815
8926
9537
6749
5698
4523
3614
2741
1832
8156
9267
5978
7395
6489
5432
6349
7294
8925
9763
2871
4186
1658
3517
6789
5978
8516
9657
3294
7345
2461
4132
1823
7698
9785
5869
6573
4927
3154
1342
2416
8231
8967
7851
9685
5796
2349
1438
6213
3524
4172
9876
8597
6958
7169
1432
4713
3624
5281
2345
9, 6
1 2 3 4 5 6789
7896
8967
9678
2 1378
5169
8731
4916
9453
6587
7645
3894
9736
7645
6924
5182
8461
1397
3258
2873
4519
5387
8461
4875
1923
2694
3148
9712
6539
7256
8694
6153
7218
2579
9347
4832
5921
3486
1765
4873
3597
8641
7216
6728
2965
1439
9154
5382
7945
4839
1796
9657
3182
8571
2364
5218
6423
3569
5984
9452
6398
1873
7216
8645
4721
2137
6458
9716
2587
3865
7239
5624
4173
1392
8941
9, 7
1 2 3 4 5 6789
7896
8967
9678
2 1 5678
9537
8764
4356
3489
6895
7943
7389
9736
8145
6923
1478
3691
2567
5214
4852
3856
5387
9462
2178
6913
7534
8641
4729
1295
5643
8495
7256
3861
2389
1927
4132
9578
6714
4537
6874
1729
7685
3296
9142
5918
2453
8361
9478
4953
2597
5316
7841
8265
6724
1632
3189
6794
7568
4981
8259
9632
2813
1375
3146
5427
8965
3649
6814
1792
4127
5478
9253
7381
2536
9, 8
1 2 3 4 5 6789
7896
8967
9678
2 1 4 5378
9637
8965
6589
3796
7853
7986
6378
1725
8653
2194
5412
3267
9841
4539
3895
9563
5182
6721
4978
1346
2654
7439
8217
5347
3685
9268
7136
6719
2854
8921
4573
1492
8674
4756
7519
3895
1482
9237
5143
6328
2961
6453
8947
2896
1269
7321
4578
9735
5612
3184
4739
7894
6957
9512
8263
3621
1478
2185
5346
9568
5439
8671
2987
3846
7193
4312
1254
6725
9, 10
1 2 3 4 5 6789
8976
7698
9867
2 1 4 3 6 7958
5897
9785
8579
8374
6583
7965
5218
2749
4621
9132
1857
3496
6937
8349
1728
2186
4893
9215
3561
5472
7654
3495
5678
8156
1927
9314
2863
7249
4531
6782
5768
3496
6217
9871
7982
1534
4653
8329
2145
9546
7835
5689
6752
3271
8397
1428
2164
4913
7859
4967
9572
8695
1438
3146
2784
6213
5321
4683
9754
2891
7569
8127
5472
6315
3946
1238
29
9, 11
1 2 3 4 5 6789
8976
7698
9867
2 1 4 3 6 7958
5897
9785
8579
3 8475
6582
7961
4218
2847
9654
5129
1796
4967
6394
8129
1785
2431
9573
7218
3856
5642
7458
9867
2916
6279
3124
5692
1743
8531
4385
9685
3549
7268
5817
8792
1436
4321
2974
6153
8546
5783
9657
2198
1879
3261
6435
4312
7924
6794
7936
5871
8652
9347
4125
2589
1463
3218
5879
4658
1795
9526
7983
8314
3162
6247
2431
9, 12
1 6789
7896
2 3 4 5 8967
9678
2 1 3 6978
9687
8769
7896
4 5
5798
2 1 7489
6945
3576
4637
9853
8364
4586
8437
2675
9814
1298
7951
3162
5329
6743
6473
4358
9567
1795
7124
5632
8941
3286
2819
7645
9564
4258
8136
5879
2317
1423
6791
3982
8934
5843
6482
3561
4756
9128
2379
7615
1297
3859
7695
8924
5347
2461
6283
9718
1572
4136
9367
3976
5749
4653
8512
1895
6284
2138
7421
9, 13
1 6789
7896
8967
2 3 4 5 9678
2 1 3 4 6978
9687
8769
7896
5
5798
2 1 3 7485
6574
9856
8649
4967
3856
5367
8425
2189
1694
4918
7531
9273
6742
7345
4598
6952
5871
9716
2169
1683
3427
8234
9637
3874
4289
6592
5143
8756
2915
1368
7421
8479
9653
5764
7215
4537
1842
6328
2981
3196
4963
8436
2547
9628
3851
7295
5172
6714
1389
6584
7945
9678
1756
8369
5421
3297
4132
2813
9, 14
1 2 6789
9678
8967
3 4 5 7896
2 6987
1 3 4 8769
9876
7698
5
6837
1 2 4 5 7698
8963
9376
3789
8463
3794
5948
1259
9186
6527
7615
2831
4372
4956
5439
8365
2187
7213
9871
6592
3724
1648
3784
9856
7493
8562
2678
1945
5321
4219
6137
7598
8675
9834
5716
6329
4152
3287
1943
2461
5379
7543
4657
6925
3891
2486
1738
8162
9214
9645
4368
3576
7891
1732
5214
2159
6487
8923
9, 15
1 2 6789
7698
9876
8967
3 4 5
2 7968
1 3 4 5 9876
8697
6789
6879
1 2 4 5 3 8697
9786
7968
9745
3487
7568
8912
1329
4196
6251
5873
2634
7634
5376
4893
1725
3967
9241
2589
6158
8412
8453
4739
3947
2586
6298
7612
5164
1325
9871
4386
6593
5634
9851
8712
2478
1945
7269
3127
5967
9845
8356
6179
2631
1784
7428
3512
4293
3598
8654
9475
5267
7183
6829
4712
2931
1346
30
9, 22
7 8 9 6 1 2 3 4 5
6 7 8 9 5 1 2 3 4
9 6 7 8 4 5 1 2 3
8 9 6 7 3 4 5 1 2
3 5 2 1 9 6 4 8 7
4 3 5 2 8 9 7 6 1
5 4 1 3 2 8 9 7 6
9, 23
6 7 8 9 5 1 2 3 4
5 6 7 8 9 4 1 2 3
9 5 6 7 8 3 4 1 2
8 9 5 6 7 2 3 4 1
4 3 9 1 2 7 5 6 8
3 8 1 2 4 9 6 7 5
7 4 2 3 1 8 9 5 6
9, 31
7 8 9 6 1 2 3 4 5
6 7 8 9 5 1 2 3 4
9 6 7 8 4 5 1 2 3
8 9 6 7 3 4 5 1 2
5 3 1 2 9 8 4 7 6
4 5 2 3 8 9 7 6 1
9, 32
6 7 8 9 5 1 2 3 4
5 6 7 8 9 4 1 2 3
9 5 6 7 8 3 4 1 2
8 9 5 6 7 2 3 4 1
4 8 2 3 1 9 6 7 5
7 3 1 2 4 8 9 5 6
9, 40
7 8 9 6 1 2 3 4 5
6 7 8 9 5 1 2 3 4
9 6 7 8 4 5 1 2 3
8 9 6 7 3 4 5 1 2
5 3 1 2 9 8 4 7 6
10, 14
8 9 a 7 1 2 3 4 5 6
7 8 9 a 6 1 2 3 4 5
a 7 8 9 5 6 1 2 3 4
9 a 7 8 4 5 6 1 2 3
6 5 4 2 3 9 7 a 1 8
5 1 2 6 a 3 4 8 7 9
4 6 1 3 2 a 9 5 8 7
2 3 6 5 9 4 8 7 a 1
3 4 5 1 8 7 a 9 6 2
10, 24
8 9 a 7 1 2 3 4 5 6
7 8 9 a 6 1 2 3 4 5
a 7 8 9 5 6 1 2 3 4
9 a 7 8 4 5 6 1 2 3
4 3 5 6 2 a 9 7 1 8
5 4 6 1 3 9 8 a 7 2
3 6 2 5 a 4 7 9 8 1
6 5 1 2 9 3 4 8 a 7
10, 34
3 4 5 6 2 9 7 8 a 1
8 9 a 7 1 2 3 4 5 6
7 8 9 a 6 1 2 3 4 5
a 7 8 9 5 6 1 2 3 4
9 a 7 8 4 5 6 1 2 3
4 6 2 5 a 3 8 9 1 7
6 5 1 2 3 4 9 a 7 8
5 3 6 1 9 a 4 7 8 2
10, 44
8 9 a 7 1 2 3 4 5 6
7 8 9 a 6 1 2 3 4 5
a 7 8 9 5 6 1 2 3 4
9 a 7 8 4 5 6 1 2 3
5 6 1 2 3 4 9 a 7 8
6 5 2 1 a 3 4 9 8 7
10, 45
7 8 9 a 6 1 2 3 4 5
6 7 8 9 a 5 1 2 3 4
a 6 7 8 9 4 5 1 2 3
9 a 6 7 8 3 4 5 1 2
5 9 2 6 4 a 3 7 8 1
8 5 a 1 3 2 9 4 6 7
10, 46
6 7 8 9 a 5 1 2 3 4
5 6 7 8 9 a 4 1 2 3
a 5 6 7 8 9 3 4 1 2
9 a 5 6 7 8 2 3 4 1
8 9 2 1 3 4 a 7 6 5
7 3 a 2 4 1 8 6 5 9
10, 54
8 9 a 7 1 2 3 4 5 6
7 8 9 a 6 1 2 3 4 5
a 7 8 9 5 6 1 2 3 4
9 a 7 8 4 5 6 1 2 3
6 5 2 1 a 3 4 9 8 7
31
11, 4
9 a b 8 1 2 3 4 5 6 7
8 9 a b 7 1 2 3 4 5 6
b 8 9 a 6 7 1 2 3 4 5
a b 8 9 5 6 7 1 2 3 4
5 4 1 3 9 b 6 8 a 7 2
3 2 5 4 a 8 b 6 7 9 1
1 7 2 5 4 3 a b 6 8 9
4 6 3 1 2 5 8 7 9 b a
6 1 4 7 b a 5 9 8 2 3
2 3 7 6 8 9 4 5 1 a b
7 5 6 2 3 4 9 a b 1 8
11, 21
9 a b 7 8 1 2 3 4 5 6
8 9 a b 7 6 1 2 3 4 5
7 8 9 a b 5 6 1 2 3 4
b 7 8 9 a 4 5 6 1 2 3
a b 7 8 9 3 4 5 6 1 2
2 3 5 6 1 9 b 4 8 7 a
4 6 1 5 2 b 3 8 7 a 9
5 1 6 3 4 2 9 a b 8 7
6 4 2 1 3 a 7 b 5 9 8
3 5 4 2 6 8 a 7 9 b 1
11, 38
8 9 a b 7 1 2 3 4 5 6
7 8 9 a b 6 1 2 3 4 5
b 7 8 9 a 5 6 1 2 3 4
a b 7 8 9 4 5 6 1 2 3
4 6 2 5 1 a 3 8 b 7 9
9 3 5 6 4 2 b a 7 8 1
6 5 b 1 2 3 4 7 a 9 8
5 a 6 7 3 b 9 4 8 1 2
11, 45
8 9 a b 6 7 1 2 3 4 5
7 8 9 a b 6 5 1 2 3 4
6 7 8 9 a b 4 5 1 2 3
b 6 7 8 9 a 3 4 5 1 2
a b 6 7 8 9 2 3 4 5 1
5 3 b 1 2 4 a 9 6 8 7
4 a 2 5 3 1 9 b 7 6 8
9 5 1 2 4 3 b a 8 7 6
11, 50
7 8 9 a b 6 1 2 3 4 5
6 7 8 9 a b 5 1 2 3 4
b 6 7 8 9 a 4 5 1 2 3
a b 6 7 8 9 3 4 5 1 2
5 a 2 1 3 4 b 6 7 9 8
8 9 b 5 2 1 a 3 4 6 7
9 5 a b 4 3 2 7 6 8 1
11, 51
6 7 8 9 a b 5 1 2 3 4
5 6 7 8 9 a b 4 1 2 3
b 5 6 7 8 9 a 3 4 1 2
a b 5 6 7 8 9 2 3 4 1
8 a b 1 4 3 2 9 6 7 5
7 9 2 a 3 4 1 b 5 8 6
9 3 a b 2 1 4 6 7 5 8
11, 54
9 a b 7 8 1 2 3 4 5 6
8 9 a b 7 6 1 2 3 4 5
7 8 9 a b 5 6 1 2 3 4
b 7 8 9 a 4 5 6 1 2 3
a b 7 8 9 3 4 5 6 1 2
6 5 1 2 3 a b 4 7 9 8
5 6 2 1 4 b 3 8 9 a 7
11, 59
9 a b 8 1 2 3 4 5 6 7
8 9 a b 7 1 2 3 4 5 6
b 8 9 a 6 7 1 2 3 4 5
a b 8 9 5 6 7 1 2 3 4
6 7 2 5 3 b 4 8 a 9 1
7 6 5 1 b 4 a 9 8 2 3
11, 60
8 9 a b 7 1 2 3 4 5 6
7 8 9 a b 6 1 2 3 4 5
b 7 8 9 a 5 6 1 2 3 4
a b 7 8 9 4 5 6 1 2 3
6 a b 5 2 3 4 7 8 9 1
9 5 6 7 4 b 3 8 a 1 2
11, 62
6 7 8 9 a b 5 1 2 3 4
5 6 7 8 9 a b 4 1 2 3
b 5 6 7 8 9 a 3 4 1 2
a b 5 6 7 8 9 2 3 4 1
8 9 2 a 4 3 1 b 6 7 5
9 a b 1 3 4 2 6 7 5 8
11, 65
9 a b 7 8 1 2 3 4 5 6
8 9 a b 7 6 1 2 3 4 5
7 8 9 a b 5 6 1 2 3 4
b 7 8 9 a 4 5 6 1 2 3
a b 7 8 9 3 4 5 6 1 2
6 5 2 1 4 b 3 8 9 a 7
11, 70
9 a b 8 1 2 3 4 5 6 7
8 9 a b 7 1 2 3 4 5 6
b 8 9 a 6 7 1 2 3 4 5
a b 8 9 5 6 7 1 2 3 4
7 6 5 1 b 4 a 9 8 2 3
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13, 128
6 7 8 9 a b c d 1 2 3 4 5
a b c d 6 7 8 9 5 1 2 3 4
d a b c 9 6 7 8 4 5 1 2 3
c d a b 8 9 6 7 3 4 5 1 2
b c d a 1 2 3 4 6 7 8 5 9
13, 129
5 6 7 8 a b 9 c d 1 2 3 4
a b c d 5 6 7 8 9 4 1 2 3
d a b c 9 5 6 7 8 3 4 1 2
c d a b 8 9 5 6 7 2 3 4 1
b c d a 1 2 3 4 5 6 7 8 9
14, 135
7 8 9 a b c d e 6 1 2 3 4 5
6 7 8 9 a b c d e 5 1 2 3 4
e 6 7 8 9 a b c d 4 5 1 2 3
d e 6 7 8 9 a b c 3 4 5 1 2
c d e 5 4 1 3 9 2 8 a 6 7 b
14, 146
6 7 8 9 b c a d e 1 2 3 4 5
7 6 9 8 c b e a d 5 1 2 3 4
b c d e 6 7 8 9 a 4 5 1 2 3
e b c d a 6 7 8 9 3 4 5 1 2
d e b c 9 a 6 7 8 2 3 4 5 1
c d e b 1 2 3 4 5 6 7 8 9 a
15, 160
7 8 9 a b c d e f 6 1 2 3 4 5
6 7 8 9 a b c d e f 5 1 2 3 4
f 6 7 8 9 a b c d e 4 5 1 2 3
e f 6 7 8 9 a b c d 3 4 5 1 2
d e f 5 4 1 3 9 8 2 a 7 b c 6
15, 170
6 7 8 9 a b c d e f 1 2 3 4 5
b c d e f 6 7 8 9 a 5 1 2 3 4
f b c d e a 6 7 8 9 4 5 1 2 3
e f b c d 9 a 6 7 8 3 4 5 1 2
d e f b c 1 2 3 4 5 6 7 8 9 a
c d e f b 2 1 4 3 6 7 8 a 5 9
15, 171
5 6 7 8 9 b c a d e f 1 2 3 4
b c d e f 5 6 7 8 9 a 4 1 2 3
f b c d e a 5 6 7 8 9 3 4 1 2
e f b c d 9 a 5 6 7 8 2 3 4 1
d e f b c 1 2 3 4 5 6 7 8 9 a
c d e f b 2 1 4 3 6 5 8 7 a 9
15, 173
5 6 7 8 e f 9 a b c d 1 2 3 4
9 a b c d e f 5 6 7 8 4 1 2 3
f 9 a b c d e 8 5 6 7 3 4 1 2
e f 9 a b c d 7 8 5 6 2 3 4 1
d e f 9 a b c 1 2 3 4 5 6 7 8
c d e f 9 a b 2 1 4 3 6 5 8 7
b c d e f 9 a 3 4 1 2 7 8 5 6
15, 174
8 9 a b c d e f 1 2 3 4 5 6 7
c d e f 8 9 a b 7 1 2 3 4 5 6
f c d e b 8 9 a 6 7 1 2 3 4 5
e f c d a b 8 9 5 6 7 1 2 3 4
d e f c 1 2 3 4 8 5 6 7 9 a b
15, 175
7 8 9 a c d b e f 1 2 3 4 5 6
c d e f 7 8 9 a b 6 1 2 3 4 5
f c d e b 7 8 9 a 5 6 1 2 3 4
e f c d a b 7 8 9 4 5 6 1 2 3
d e f c 1 2 3 4 5 7 8 9 6 a b
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17, 215
d e f g h 8 9 a b c 6 7 1 2 3 4 5
h d e f g c 8 9 a b 5 6 7 1 2 3 4
g h d e f b c 8 9 a 4 5 6 7 1 2 3
f g h d e 1 2 3 4 5 8 9 a 6 7 b c
e f g h d 2 1 4 3 6 9 8 5 a c 7 b
17, 218
6 7 8 9 a b c d e f g h 1 2 3 4 5
c d e f g h 6 7 8 9 a b 5 1 2 3 4
h c d e f g b 6 7 8 9 a 4 5 1 2 3
g h c d e f a b 6 7 8 9 3 4 5 1 2
f g h c d e 1 2 3 4 5 6 7 8 9 a b
e f g h c d 2 1 4 3 6 5 8 7 a b 9
d e f g h c 3 4 1 2 7 8 6 9 b 5 a
17, 220
1 2 3 4 5 7 8 9 6 d e f g h a b c
8 9 a b c d e f g h 6 7 1 2 3 4 5
d e f g h 6 7 8 9 a b c 5 1 2 3 4
h d e f g 9 6 7 8 c a b 4 5 1 2 3
g h d e f 8 9 6 7 b c a 3 4 5 1 2
f g h d e b c 1 2 3 4 5 6 7 8 9 a
e f g h d a b 5 1 2 3 4 c 6 7 8 9
17, 223
7 8 9 a b d e c f g h 1 2 3 4 5 6
d e f g h 7 8 9 a b c 6 1 2 3 4 5
h d e f g c 7 8 9 a b 5 6 1 2 3 4
g h d e f b c 7 8 9 a 4 5 6 1 2 3
f g h d e 1 2 3 4 5 6 7 8 9 a b c
e f g h d 2 1 4 3 6 5 8 7 a 9 c b
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17, 224
6 7 8 9 a d b c e f g h 1 2 3 4 5
d e f g h 6 7 8 9 a b c 5 1 2 3 4
h d e f g c 6 7 8 9 a b 4 5 1 2 3
g h d e f b c 6 7 8 9 a 3 4 5 1 2
f g h d e 1 2 3 4 5 6 7 8 9 a b c
e f g h d 2 1 4 3 6 5 8 7 a 9 c b
19, 264
b c d e f g h i j 8 9 a 1 2 3 4 5 6 7
a b c d e f g h i j 8 9 7 1 2 3 4 5 6
9 a b c d e f g h i j 8 6 7 1 2 3 4 5
8 9 a b c d e f g h i j 5 6 7 1 2 3 4
j 8 9 a b c d e f g h i 4 5 6 7 1 2 3
i j 8 9 a b c d e f g h 3 4 5 6 7 1 2
h i j f g 4 a c 6 7 1 5 2 3 d 9 8 b e
19, 268
g h i j c d e f 8 9 a b 7 1 2 3 4 5 6
f g h i j c d e 7 8 9 a b 2 3 4 5 6 1
c d e f g h i j b 7 8 9 a 3 4 5 6 1 2
j c d e f g h i a b 7 8 9 4 5 6 1 2 3
i j c d e f g h 1 2 3 4 5 9 7 8 6 a b
h i j c d e f g 5 1 2 3 4 b 9 7 8 6 a
19, 273
e f g h i j d 1 2 3 4 5 6 7 8 9 a b c
d e f g h i j c 1 2 3 4 5 6 7 8 9 a b
j d e f g h i b c 1 2 3 4 5 6 7 8 9 a
i j d e f g h a b c 1 2 3 4 5 6 7 8 9
h i j 9 c b a e 8 6 f g 7 1 4 d 5 2 3
19, 274
d e f g h i j c 1 2 3 4 5 6 7 8 9 a b
c d e f g h i j b 1 2 3 4 5 6 7 8 9 a
j c d e f g h i a b 1 2 3 4 5 6 7 8 9
i j c d e f g h 9 a b 1 2 3 4 5 6 7 8
h i j 9 a b f g 8 4 6 7 e d 3 c 1 2 5
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19, 278
9 a b c d e f g h i j 8 1 2 3 4 5 6 7
8 9 a b c d e f g h i j 7 1 2 3 4 5 6
j 8 9 a b c d e f g h i 6 7 1 2 3 4 5
i j 8 9 a b c d e f g h 5 6 7 1 2 3 4
h i j d f a g c 7 8 6 2 b 4 e 5 1 9 3
19, 279
8 9 a b c d e f g h i j 7 1 2 3 4 5 6
7 8 9 a b c d e f g h i j 6 1 2 3 4 5
j 7 8 9 a b c d e f g h i 5 6 1 2 3 4
i j 7 8 9 a b c d e f g h 4 5 6 1 2 3
h i j g e f 9 a 6 7 d 5 1 c 3 4 8 b 2
21, 354
a b c d e f g h i j k l 1 2 3 4 5 6 7 8 9
b a d c f e h g j i l k 9 1 2 3 4 5 6 7 8
c d a b g h i e k l f j 8 9 1 2 3 4 5 6 7
g h i j k l a b c d e f 7 8 9 1 2 3 4 5 6
l g h i j k f a b c d e 6 7 8 9 1 2 3 4 5
k l g h i j e f a b c d 5 6 7 8 9 1 2 3 4
j k l g h i 1 2 3 4 5 6 a b c 7 8 9 d e f
21, 358
6 7 8 9 a b c d e f g h i j k l 1 2 3 4 5
e f g h i j k l 6 7 8 9 a b c d 5 1 2 3 4
l e f g h i j k d 6 7 8 9 a b c 4 5 1 2 3
k l e f g h i j c d 6 7 8 9 a b 3 4 5 1 2
j k l e f g h i 1 2 3 4 5 6 7 8 9 a b c d
i j k l e f g h 2 1 4 3 6 5 8 7 a 9 c d b
h i j k l e f g 3 4 1 2 7 8 5 6 b c d 9 a
10, 77
6 7 8 9 5 a 3124
1342
2431
4213
a 6 7 4 9 5231
8 2153
3512
1325
9 a 6 7 8 3152
4213
5421
1345
2534
8 9 a 6 7 2513
1342
4235
5124
3451
7 8 9 a 6 1325
2431
3514
4253
5142
12, 121
6 7 8 9 a b 5 c 3124
1342
2431
4213
c 6 7 8 9 4 b 5231
a 2153
3512
1325
b c 6 7 8 9 a 3152
4213
5421
1345
2534
a b c 6 7 8 9 2513
1342
4235
5124
3451
9 a b c 6 7 8 1325
2431
3514
4253
5142
36
13, 146
6 7 8 9 a b c 5 d 3124
1342
2431
4213
d 6 7 8 9 a 4 c 5231
b 2153
3512
1325
c d 6 7 8 9 a b 3152
4213
5421
1345
2534
b c d 6 7 8 9 a 2513
1342
4235
5124
3451
a b c d 6 7 8 9 1325
2431
3514
4253
5142
14, 173
6 7 8 9 a b c d 5 e 3124
1342
2431
4213
e 6 7 8 9 a b 4 d 5231
c 2153
3512
1325
d e 6 7 8 9 a b c 3152
4213
5421
1345
2534
c d e 6 7 8 9 a b 2513
1342
4235
5124
3451
b c d e 6 7 8 9 a 1325
2431
3514
4253
5142
12, 117
7 8 9 a b 5 c 3126
1234
6341
4612
2463
c 7 8 9 6 b 5213
a 2341
3154
1425
4532
b c 7 4 9 a 3152
6213
8 1635
2561
5326
a b c 7 8 9 2531
1362
4123
5416
6254
3645
9 a b c 7 8 1325
2631
3412
4563
5146
6254
14, 169
7 8 9 a b c d 5 e 3126
1234
6341
4612
2463
e 7 8 9 a b 6 d 5213
c 2341
3154
1425
4532
d e 7 8 9 4 b c 3152
6213
a 1635
2561
5326
c d e 7 8 9 a b 2531
1362
4123
5416
6254
3645
b c d e 7 8 9 a 1325
2631
3412
4563
5146
6254
15, 198
7 8 9 a b c d e 5 f 3126
1234
6341
4612
2463
f 7 8 9 a b c 6 e 5213
d 2341
3154
1425
4532
e f 7 8 9 a 4 c d 3152
6213
b 1635
2561
5326
d e f 7 8 9 a b c 2531
1362
4123
5416
6254
3645
c d e f 7 8 9 a b 1325
2631
3412
4563
5146
6254
16, 229
7 8 9 a b c d e f 5 g 3126
1234
6341
4612
2463
g 7 8 9 a b c d 6 f 5213
e 2341
3154
1425
4532
f g 7 8 9 a b 4 d e 3152
6213
c 1635
2561
5326
e f g 7 8 9 a b c d 2531
1362
4123
5416
6254
3645
d e f g 7 8 9 a b c 1325
2631
3412
4563
5146
6254
37
